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Many body movements are periodic in their nature \[[@CR18]\]. For example, postural sway \[[@CR2]\], walking \[[@CR8], [@CR20]\], running \[[@CR37]\], swimming \[[@CR54]\], galloping \[[@CR8], [@CR20]\] and juggling \[[@CR58]\] have a cyclic pattern in the position of the end effectors or joint angles. Synchronisation is a fundamental aspect of oscillatory coordination dynamics in human and animal body movements \[[@CR33]\] and has been found in many different situations \[[@CR48]\]. Coordination is characterised by a bounded temporal relationship created by a convergent dynamical process \[[@CR26], [@CR44]\]. Coordination regimes depend on symmetries and couplings between oscillators. Frequency entrainment, where two oscillators adopt a central frequency, occurs even with a very weak coupling. With a relatively strong coupling or if the system is symmetrical, phase entrainment can also take place. These processes may be continuous or intermittent; that is, the phases of the two oscillators may also align periodically \[[@CR18], [@CR35], [@CR47]\].

In the case of two coupled oscillators, the regular patterns of coordination are well captured by the properties of the relative phase between the periodic movements of the two subsystems \[[@CR32], [@CR33]\]. The simplest pattern is observed when the phase of the two oscillators coincide to give in-phase ($\documentclass[12pt]{minimal}
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                \begin{document}$$0^{\circ }$$\end{document}$) monostable coordination pattern. An example of this behaviour is given by iso-lateral limb movements \[[@CR6]\]. Monostable anti-phase ($\documentclass[12pt]{minimal}
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                \begin{document}$$180^{\circ }$$\end{document}$) coordination can also occur, and an example of such behaviour is observed in team sports (competitive games) \[[@CR5], [@CR10], [@CR12], [@CR15]\]. In many real systems, anti-phase stability coexists with in-phase stability \[[@CR22], [@CR33], [@CR44], [@CR56]\]. Previous studies address the modelling of the two coupled oscillators as a nonlinear dynamical system, the fitting of its periodic orbits to human movements \[[@CR28]\] and the systematic analysis of the effects of linear and nonlinear terms to the observed limit cycles \[[@CR4]\]. The observed relations between frequency and amplitude \[[@CR22]\] as well as peak velocities \[[@CR44]\] in many but not all \[[@CR3]\] oscillatory movements turned out to be well represented by a hybrid oscillator \[[@CR22]\] formed by a combination of Van der Pol and Rayleigh nonlinear damping terms.

A classical example of model exhibiting bistability is the so-called HKB model proposed in the seminal work by Haken, Kelso and Bunz \[[@CR18], [@CR22]\]. The model, which was originally developed for bimanual finger coordination \[[@CR30]\], was found to be representative of a wide range of applications in human movement \[[@CR7], [@CR18]\], suggesting that the dynamics that it produces are somehow fundamental and make formal construct for the study of coordination dynamics \[[@CR32], [@CR33]\]. Although the model was originally developed in order to account for intra-personal phenomena, the same patterns have been shown to be representative of both sensorimotor and interpersonal behaviours \[[@CR31], [@CR49], [@CR50]\]. The model successfully reproduces not only the patterns of stability observed in bimanual coordination experiments but also their dependence upon frequency \[[@CR22]\]. The HKB model admits a potential function that yields the experimentally observed change in attractors' landscapes. Furthermore, the HKB model and its stochastic extension reproduced the characteristic fluctuation increase and slowing down observed experimentally near instabilities \[[@CR51]\].

The development of the HKB model has been inspired by the in-phase and anti-phase coordination dynamics observed in bimanual coordination in the context of the finger movements experiment \[[@CR30], [@CR52], [@CR53]\]. Therefore, most previous research has focused on a fixed set of model parameters that guarantees the stability of these particular dynamics. Furthermore, significant contributions to understanding these coordination patterns (albeit in a narrow parameter range and with limiting assumptions on the parameters controlling the coupling strength) have been made for different oscillator frequencies and inputs \[[@CR1], [@CR3], [@CR7], [@CR17], [@CR19], [@CR25]\] as well as noise in the system \[[@CR9], [@CR49], [@CR50]\]. All previous mathematical analyses of the HKB model have focused on the relative phase dynamics, under the assumption that the amplitude of the coupled oscillators is constant \[[@CR1], [@CR3], [@CR9], [@CR17], [@CR19], [@CR22]\]. Several recent articles have studied the phase-approximation dynamics in the HKB model by considering the multiple stable states of the system and the ability to switch between them by changing the frequency and the coupling parameters \[[@CR38]\]. The bifurcations leading to transitions between anti-phase and in-phase dynamics in a reduced phase approximation of the HKB model \[[@CR16]\] have been also studied. To our knowledge, however, a bifurcation analysis of the full four-dimensional HKB model, considering all model parameters as well as general (i.e. weak and strong) coupling strengths, has not been performed. Such analysis could provide an insight into other possible qualitative behaviours that the solutions of the model might exhibit, as well as characterise the possible changes in the dynamics of the solutions corresponding to any changes in the parameter values of the model. We also note recent further developments of dynamical systems' approaches for studying sensorimotor dynamics, involving dynamical repertoires, hierarchies of timescales and structured flows on manifolds \[[@CR23]\].

Given that the HKB model is a widely accepted tool in this field, it is imperative to examine systematically all the possible coordination regimes supported by this system. In addition, classifying changes of dynamical regimes in terms of positions and velocities of the two coupled oscillators would undoubtedly shed light on the HKB model's applicability to explain movement coordination in joint actions and human interactions with an adaptive virtual partner (VP)\[[@CR13], [@CR34], [@CR40], [@CR59]--[@CR61]\]. In the present paper, we take a different approach in analysing the HKB model, as we study the full four-dimensional system of first order differential equations describing the evolution of the positions and velocities of the two coupled oscillators. We begin by characterising the local and global dynamics of the single HKB oscillator and reveal a global transition in the model that governs the existence of periodic solutions in a range of the oscillator's parameter values. We proceed by systematically characterising the full HKB model dynamics not only by varying the coupling strength parameters but also the rest of the model parameters, i.e. the parameters governing the single oscillator's properties. In addition to the very well-studied coordination patterns, we find a stable phase-locked solution that spans a wide range of relative phases and persists for a wide range of model parameters' values. We also show that relaxing the constant amplitude assumption allows for much richer coordination dynamics and coexistence of various stable coordination attractors (multi-stability regimes).

Results {#Sec2}
=======

Intrinsic properties of the oscillator in the HKB model {#Sec3}
-------------------------------------------------------

Recently, a significant scientific effort has been put towards the development of VP interaction systems. In particular, the single HKB oscillator is being used to drive the movement dynamics exhibited by the VP \[[@CR13], [@CR34], [@CR59]--[@CR61]\]. The dynamics of the model is an important consideration in designing such systems and in particular for parametrising the ordinary differential equation that governs the behaviour of the VP. For example depending on the constraints of the experimental set-up, a certain range of amplitude and/or frequency for the VP periodic behaviour might be desirable. Although some properties of the HKB oscillator have been measured and studied both experimentally and analytically \[[@CR28], [@CR29]\], the dynamics of the single HKB oscillator has not been systematically investigated theoretically. To address this gap, we begin by examining a single HKB oscillator:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \ddot{x} = - \dot{x} \left( \alpha x^2 + \beta \dot{x}^2 - \gamma \right) -\omega ^2 x, \end{aligned}$$\end{document}$$which could be written as a planar autonomous dynamical system of the form:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha , \beta , \gamma \in \mathbb {R}$$\end{document}$ are parameters governing the intrinsic dynamics of Eq. ([1](#Equ1){ref-type=""}).Fig. 1Bifurcation diagrams for a single HKB oscillator. **a** The trivial equilibrium becomes unstable at a supercritical Hopf bifurcation (HB) in the continuation parameter $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$, the larger the oscillations amplitude and the longer the period. **c**--**d** Continuations in $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =-1$$\end{document}$, the periodic branch undergoes a global bifurcation (vertical asymptote), whereas in *panel* **d**, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta = -0.1$$\end{document}$, the Hopf bifurcation is subcritical, and the emanating branch restabilises at a saddle-node bifurcation, before disappearing in a global bifurcation. *Solid* (*dashed*) lines represent stable (unstable) states of ([1](#Equ1){ref-type=""})

The single HKB oscillator is a hybrid Rayleigh--Van der Pol \[[@CR22]\] planar system, and although the analysis of planar systems of ordinary differential equations is very well established \[[@CR21], [@CR27], [@CR43]\], it has not been applied to the single HKB oscillator model. Furthermore, whenever planar systems are coupled, they are often studied in the weak coupling limit, which we don't require for the numerical continuation analysis presented here. In our analysis, we focus on the global dynamics of the system and aim to characterise all possible dynamic states that the single HKB oscillator model supports, as well as their dependence on all model parameters. System ([1](#Equ1){ref-type=""}) admits the origin (0, 0) as a trivial steady state for any parameter value $\documentclass[12pt]{minimal}
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                \begin{document}$$|\gamma | < 2\omega $$\end{document}$, the Jacobian has a pair of complex conjugate eigenvalues of the form:$$\documentclass[12pt]{minimal}
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Changing the value of the parameter $\documentclass[12pt]{minimal}
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Next we carry out bifurcation analysis using numerical continuation in AUTO \[[@CR11]\]. We set $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&x=\dfrac{X}{Z}, \;\; y=\dfrac{Y}{Z}, \end{aligned}$$\end{document}$$Fig. 2Global phase portraits of the system Eq. ([2](#Equ2){ref-type=""}), projected on the (*X*, *Y*)-plane, for different parameters values. *Green dots* indicate stable equilibria; *red dots* indicate unstable equilibria; *black dots* indicate equilibria of a saddle type; *red line* indicates unstable periodic orbit; *thick black lines* indicate heteroclinic connections between different equilibria or between equilibria and stable periodic orbits; *grey lines* indicate nullclines; *dashed lines* examples of trajectories; *arrows* indicate direction of the flow (colour figure online)
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                \begin{document}$$\theta $$\end{document}$ is an angle along the equator.

The flow between the equilibria on the equator of the Poincaré sphere is counterclockwise if $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta >0$$\end{document}$. The other six equilibria as given in ([7](#Equ7){ref-type=""}) are non-hyperbolic. We established their types by combining information gathered from the flow on the equator and from numerical integration of the transformed system ([2](#Equ2){ref-type=""}). We summarise our findings in two representative cases in which, as the parameter $\documentclass[12pt]{minimal}
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In Fig. [2](#Fig2){ref-type="fig"}, we illustrate how the structure of the global phase portrait of the system ([2](#Equ2){ref-type=""}), projected on the (*X*, *Y*)-plane, changes with increasing $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ is varied in the bifurcation diagram of Fig. [1](#Fig1){ref-type="fig"}d. In both cases, the disappearance of the stable limit cycle solution in the model is due to the same mechanism. However, depending on the signs of the parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha , \beta $$\end{document}$, different invariant objects are involved in the transition. Panels (a--c) in Fig. [2](#Fig2){ref-type="fig"} show that there are two types of connecting orbits in the phase space of the HKB oscillator. The first type connects the unstable equilibria $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mp \sqrt{\alpha }/\sqrt{\alpha -\beta }, \pm \sqrt{\beta }/\sqrt{\beta -\alpha })$$\end{document}$ (black dots) with the stable periodic orbit surrounding the unstable equilibrium at the origin (0, 0). As the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ increases, the two types of connections become tangent and the periodic orbit stretches along the *X* axis as depicted in panel (b) for value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma =\gamma ^*$$\end{document}$, the periodic orbit becomes a heteroclinic cycle connecting four saddle equilibria. After the transition, the heteroclinic cycle disappears and the global phase portrait changes. In panel (c), we show that after the transition there are connections between the saddle points $\documentclass[12pt]{minimal}
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                \begin{document}$$(\pm 1,0)$$\end{document}$ and the unstable equilibrium at the origin (0, 0). In this case, the single HKB oscillator has stable periodic solutions only for $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =1, \beta =-0.1$$\end{document}$, in addition to the stable periodic orbit there is also an unstable periodic orbit (red loop) surrounding the stable equilibrium at the origin (0, 0) (green dot). Although unstable periodic orbits could not be observed experimentally, such objects are important from dynamical systems point of view. For example, in this case the branch of unstable periodic orbits forms the boundary between the basins of attraction of the coexisting stable equilibrium and stable periodic orbit for $\documentclass[12pt]{minimal}
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                \begin{document}$$(\pm \sqrt{\alpha }/\sqrt{\alpha -\beta }, \pm \sqrt{\beta }/\sqrt{\beta -\alpha })$$\end{document}$ (black dots). The second type connects the saddle points $\documentclass[12pt]{minimal}
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                \begin{document}$$(\pm 1,0)$$\end{document}$ (black dots) with the stable periodic orbit. Here we observe again that the connections become tangent to the periodic orbit, as it stretches along the *X*-axis growing into a heteroclinic cycle between four saddle equilibria (black dots) for $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma >\gamma ^*$$\end{document}$, the heteroclinic cycle disappears and the invariant objects of the system reconnect. This, however, occurs in a different manner compared to the case presented in panels (a--c). The saddle equilibria $\documentclass[12pt]{minimal}
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Bifurcation analysis of the full HKB model {#Sec4}
------------------------------------------

### Full system model equations {#Sec5}

Previous analysis of the HKB model has focussed on the dynamics of the relative phase that is given by the difference of the two oscillators' phases. However, in applications involving VP interaction environments \[[@CR13], [@CR60], [@CR61]\], other properties of the HKB model dynamics become crucial. Such properties include the amplitude and phase of the oscillatory solutions, as well as their existence, parameter dependence and stability. In order to address these questions, we focus below on the full HKB system. The original HKB model evolves in time (measured in seconds) according to a set of nonlinear differential Equations \[[@CR22]\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \ddot{x_1} + \dot{x_1} \left( \alpha x_1^2 + \beta \dot{x_1}^2 - \gamma \right) +\omega ^2 x_1= & {} I_{12}(\dot{x_1}, \dot{x_2}, x_1, x_2)\nonumber \\ \ddot{x_2} + \dot{x_2} \left( \alpha x_2^2 + \beta \dot{x_2}^2 - \gamma \right) +\omega ^2 x_2= & {} I_{21}(\dot{x_1}, \dot{x_2}, x_1, x_2),\nonumber \\ \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$, the intrinsic dynamics of the two coupled oscillators. The oscillators' positions and velocities are coupled via the parameters *a* and *b*, commonly referred to as *coupling strengths*. The HKB model behaviour then depends on the intrinsic dynamics parameters as well as the coupling strengths. Although coordination/synchronisation in system ([11](#Equ11){ref-type=""}) emerges as a consequence of coupling, its dynamics (i.e. number, type and stability of coordination patterns) depends not only on the nature of the coupling but also on the intrinsic properties of each coupled oscillator. In the HKB system ([11](#Equ11){ref-type=""}), both the intrinsic dynamics and the couplings are highly nonlinear, opening up the possibility of obtaining multi-stability and hence multi-functionality.

### Coordination regimes in the HKB model {#Sec6}

In this section, we study the existence and stability of the possible coordination regimes in the full HKB model ([11](#Equ11){ref-type=""}) by conducting a systematic analysis in all model (control) parameters. The numerical bifurcation analysis is carried out using numerical continuation in AUTO \[[@CR11]\]. We set $\documentclass[12pt]{minimal}
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In agreement with previously performed analysis on the HKB relative phase dynamics \[[@CR1], [@CR3], [@CR9], [@CR17], [@CR19], [@CR22]\], we confirm existence and study the stability of the well-characterised in-phase and anti-phase oscillatory solutions. Moreover, we find a new family of stable periodic phase-locked solutions characterised by relative phase in the interval $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ for various combinations of the parameters *a* and *b* in the bifurcation diagrams of Fig. [4](#Fig4){ref-type="fig"}, whose branches are colour-coded as in Fig. [3](#Fig3){ref-type="fig"}. Here and henceforth, we use subscripts I, A, L (or combinations thereof) to indicate bifurcations occurring on solution branches of in-phase, anti-phase and phase-locked solutions, respectively. We also keep the corresponding colour-code convention for branches of solutions and solutions profiles of in-phase, anti-phase and phase-locked type.Fig. 3Examples of stable in-phase (I), anti-phase (A) and phase-locked (L) solutions. Solutions and parameter values are also indicated in the bifurcation diagrams of Fig. [4](#Fig4){ref-type="fig"}Fig. 4Representative bifurcation diagrams in the parameter $\documentclass[12pt]{minimal}
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In-phase and anti-phase coordination regimes are born via Hopf bifurcations ($\documentclass[12pt]{minimal}
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Phase-locked coordination regimes arise in the second and fourth quadrants of the (*a*, *b*)-plane, at symmetry-breaking bifurcations of anti-phase solutions ($\documentclass[12pt]{minimal}
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In Fig. [5](#Fig5){ref-type="fig"}, we summarise the behaviour of the representative examples reported above, for selected values of *a* and *b*, by continuing in $\documentclass[12pt]{minimal}
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It is interesting to study the behaviour of various periodic solutions as the common eigenfrequency of the oscillators, $\documentclass[12pt]{minimal}
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Finally we investigate the impact of intrinsic oscillator dynamics on the collective behaviour of the HKB model by performing bifurcation analysis in the intrinsic dynamics parameters $\documentclass[12pt]{minimal}
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Using direct numerical simulations we explored the system behaviour close to the period-doubling cascade, finding chaotic regimes (see Fig. [10](#Fig10){ref-type="fig"}b) in which the solution remains bounded and features sudden erratic phase transitions, during which the agents alternate as leaders and followers. In this regime, the velocities $\documentclass[12pt]{minimal}
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                \begin{document}$$y_2$$\end{document}$ undergo fast switches. The existence of such complex solutions is perhaps not surprising from a dynamical systems viewpoint; however, the behaviour described above has not been reported nor investigated previously, and can be used to model experiments where the movement coordination is irregular in nature. Last but not least, knowledge about the existence of such solutions is critical when designing virtual player interaction environments \[[@CR34], [@CR59]--[@CR61]\] and/or planning human dynamic clamp experiments based on the HKB model \[[@CR13]\].

### Bistability and hysteresis {#Sec7}

Fig. 11Bistability and hysteresis between anti-phase and phase-locked solutions. **a** The in-phase branch (*blue*) undergoes a symmetry-breaking bifurcation ($\documentclass[12pt]{minimal}
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In this section, we explore further the dependence of the HKB model dynamics on the intrinsic properties of the coupled oscillators. In suitable regions of parameter space we find coexisting stable periodic states characterised by different relative phases or phase lags. In Fig. [11](#Fig11){ref-type="fig"}a, we run a continuation similar to the ones presented above, but we set $\documentclass[12pt]{minimal}
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This bifurcation structure opens up the possibility of observing abrupt relative phase transitions between phase-locked (at any relative phase between $\documentclass[12pt]{minimal}
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                \begin{document}$$(\gamma ,\omega ) \in [1.2,3.2]\,\times \,[2,2.8]$$\end{document}$ (which was found robustly in other parameter regions, not shown). It is important to note that this phase transition is qualitatively different from the transition addressed by the original HKB model \[[@CR22]\], where an increase in frequency leads to transition from anti-phase to in-phase coordination. In the parameter regime described above, an increase in frequency leads to transition from phase-locked to anti-phase coordination behaviour.

To illustrate the dynamical switch between solution types, we perform time-stepping simulations in which the eigenfrequency $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega =2.3$$\end{document}$). The time simulation shows an abrupt and hysteretic change in the solution type. This could be further appreciated in Fig. [11](#Fig11){ref-type="fig"}d where we plot the time simulation using the phase lag $\documentclass[12pt]{minimal}
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### Effect of heterogeneity in eigenfrequencies on the coordination regimes {#Sec8}

Fig. 12Phase difference between periodic solutions $\documentclass[12pt]{minimal}
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                \begin{document}$$\pm 57.30^\circ $$\end{document}$, as predicted by the bifurcation diagram in **b** and by the parameter sweep in **c** (colour figure online)

In the computations shown so far, the two oscillators possess a common eigenfrequency $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega _1/\omega _2$$\end{document}$ as a continuation parameter. The difference in eigenfrequencies introduces a heterogeneity in the system and has the potential to turn in-phase solutions into phase-locked solutions and vice-versa. In order to illustrate this idea, we performed bifurcation analysis in the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$b<0$$\end{document}$ (see Fig. [4](#Fig4){ref-type="fig"}). In Fig. [12](#Fig12){ref-type="fig"}, we initialise the continuation with an in-phase and a phase-locked periodic solution. We plot the bifurcation diagram in terms of the phase lag (measured in radians), by computing the approximate phases times $\documentclass[12pt]{minimal}
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                \begin{document}$$x_i(t)$$\end{document}$ attains its maximum and *T* is the solution period. Fig. [12](#Fig12){ref-type="fig"}a depicts a stable, initially in-phase, solution at $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega _1/\omega _2$$\end{document}$ is increased/decreased, losing stability at saddle-node bifurcation. In Fig. [12](#Fig12){ref-type="fig"}b, we show how the phase lag is reduced when the frequency ratio is varied and an in-phase (albeit unstable) solution is eventually attained, before a new phase-locked solution arises.

The bifurcation structure in Fig. [12](#Fig12){ref-type="fig"}b implies that hysteresis between phase-locked solutions with opposite phase lags (relative phases) is possible in the model. To illustrate this, we perform time-stepping simulations in which the ratio is varied quasi-statically as $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega _1(t) = \omega _2(t)[1 + \sin (0.005 t)]$$\end{document}$ and plot the results in Fig. [12](#Fig12){ref-type="fig"}c. The two oscillators swap in the leader and follower role, following the branches of Fig. [12](#Fig12){ref-type="fig"}b and switching roles at the corresponding saddle-node bifurcations. This numerical experiment could be interpreted in the light of the joint improvisation scenario in the "mirror game", a recently proposed paradigm for studying the dynamics of two people improvising motion together \[[@CR45]\]. In particular, as the participants are asked to imitate each other and create synchronised and interesting motions, they would be naturally trying to adjust their movement velocities and thus eigenfrequencies to each other. This would lead to variation in the ratio of their eigenfrequencies and, respectively, exchange of leader and follower roles while playing the game. Indeed, observations based on our data collected in a "mirror game" setting \[[@CR55]\] indicate that the distribution of relative phase during a typical joint improvisation sessions are bimodal pointing to possible hysteretic dynamics. As we see in Fig. [12](#Fig12){ref-type="fig"}d, the bimodal distribution emerges also in the case of randomly assigned frequency ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\pm 57.30^\circ $$\end{document}$, as predicted by the bifurcation diagram in Fig. [12](#Fig12){ref-type="fig"}b and by the parameter sweep in Fig. [12](#Fig12){ref-type="fig"}c.

Discussion {#Sec9}
==========

In this paper, we have systematically investigated the dynamics of the HKB model in the state space spanned by the position and velocities of the coupled oscillators. Furthermore, we go beyond the weakly coupled regime and consider the coupling strength parameters as generic. We show that stable periodic solutions in the single HKB oscillator model are born via a Hopf bifurcation as the damping parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ becomes positive. Furthermore, we reveal that under certain intrinsic oscillator properties the periodic solutions of the single HKB model could disappear via a heteroclinic cycle, associated with rapid increase in the magnitude of the state variables. Although such behaviour cannot be observed in a physical system, it can have significant consequences for the design and development of the virtual players. Bifurcation analysis of the full four-dimensional HKB model reveals a variety of different coordination dynamics. Attractors at a constant relative phase of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$) can lead to complex dynamics mediated via a period-doubling cascade. Furthermore, different intrinsic dynamics can also bring about a variety of bistability modes, which are different that the type of bistability described in the original HKB model study \[[@CR22]\]. Finally we consider a case of a heterogeneity in the system by introducing difference in the eigenfrequency of the coupled oscillators. We demonstrate how this results in bistability and hysteresis. Our uncertainty quantification simulations presented in Fig. [12](#Fig12){ref-type="fig"}d confirm that in the case of heterogeneous oscillators hysteresis loops and phase-locked coordination modes should be expected in experiments, as suggested in \[[@CR2]\]. What is more, existence of such hysteresis loop provides an excellent opportunity for a quantitative experimental validation of the HKB model using two heterogeneous coupled oscillators, e.g. by putting weights on body parts as suggested in \[[@CR2]\] or by using heterogeneous pendula as in \[[@CR50]\].

In a large number of multi-stable examples observed experimentally, the patterns of stability change under different conditions. Bimanual finger coordination is bistable at low frequencies, but above a critical frequency the anti-phase pattern is no longer sustainable \[[@CR22]\]. Similarly postural sway is bistable at low frequencies ($\documentclass[12pt]{minimal}
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                \begin{document}$$20^{\circ }$$\end{document}$) mode looses stability at high frequencies or when other behaviours, such as reaching, are incorporated in the task \[[@CR2]\]. These transitions between stable states, and particularly the loss of stability of the anti-phase mode at high frequencies, appear to be a fundamental feature of human coordination \[[@CR33]\]. The hypothesis that these real-world patterns and transitions between them are emergent phenomena due to a self-organised dynamical system are substantiated by experimental results such as critical fluctuations, critical slowing down and hysteresis between modes \[[@CR2], [@CR18], [@CR51]\]. In this paper, we make the first step towards identifying parameter regimes and dynamics that would allow to model a variety of different experimental observations using the same modelling framework.

Many recent experimental studies of human movement coordination \[[@CR5], [@CR10], [@CR12], [@CR15], [@CR24], [@CR57]\] have reported persistent movement coordination dynamics other than the well-known in-phase and anti-phase synchronisation behaviour that have inspired the development of the HKB model \[[@CR22]\]. Despite the large number of behaviours whose dynamics are well represented by the theoretically predicted in-phase and anti-phase stability, there are several counter examples where human body movements show evidence of stability at different or additional intermediate phases. Examples of real-world systems with stabilities at other relative phases include: the human postural system (stability at $\documentclass[12pt]{minimal}
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                \begin{document}$$180^{\circ }$$\end{document}$. These multi-stable dynamics can exist naturally or be learnt \[[@CR57]\]. Our results about the existence of stable phase-locked periodic solutions in the HKB model that span all possible relative phases between $\documentclass[12pt]{minimal}
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                \begin{document}$$180^{\circ }$$\end{document}$ could be related to some of the above mentioned experimental observations. In particular, analysis of the data collected from interactions between player dyads allowed for a description of the space-time dynamics of basketball match play. In the longitudinal direction, a strong attraction to in-phase was reported for all possible dyads but not so for the lateral direction. Instead, attractions to in-phase or anti-phase were observed among most dyads with the player vs. player dyads tending on balance to demonstrate less pronounced attractions or repulsions to certain relative phases than the player--opponent dyads \[[@CR5], [@CR15]\]. Interpersonal coordination tendencies of 1-vs-1 subphases were investigated in \[[@CR12]\]. The experimental results presented in Fig. [2](#Fig2){ref-type="fig"} in \[[@CR12]\] could be, for example, qualitatively accounted for by the type of coordination stability dependence on the coupling parameter *a* found in the HKB model. Specifically (see Fig. [6](#Fig6){ref-type="fig"} for $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =\beta =1$$\end{document}$), as the coupling strength between the velocity components of the two oscillators increases, the stable coordination regime exhibited by the HKB model undergoes transitions from stable in-phase coordination for $\documentclass[12pt]{minimal}
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                \begin{document}$$(0^{\circ },180^{\circ }$$\end{document}$); as *a* increases, to a stable anti-phase coordination regime with increasing amplitudes.

Last but not least, very recent experiments involving the use of virtual partner interaction \[[@CR13], [@CR34], [@CR59]--[@CR61]\] have employed to various degree the HKB model in order to study social interactions and interpersonal coordination. These studies have used adaptation in the HKB parameter values in their implementations. Knowledge about how the type and stability of the possible HKB model solutions depend on the model parameters could greatly facilitate the design and ensure robustness of such hybrid systems where a human interacts with a virtual partner whose movements are driven by the HKB model. Furthermore, comparison of the theoretical predictions and dynamics observed in experiments with a virtual partner could allow for quantitative, rather than qualitative, validation of different models of motor coordination. Although deficits of the HKB model are well known, see, for example, discussion in \[[@CR3]\], our analysis demonstrates that this model has much richer dynamics than previously considered and showcases mathematical tools that could be very useful in future studies of human movement coordination.
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